of Poisson-Lie structures and to the analysis of the symplectic foliations of tangent Poisson manifolds.
This work is a contribution to a program of geometric formulations of physical theories conducted jointly with W. M. Tulczyjew.
Geometric preliminaries.
Let M be a smooth manifold. By τ M : TM → M we denote the tangent fibration and by π M : T * M → M the cotangent fibration. For r = 0, 1, 2, . . . , we define exterior product bundles r TM and r T * M with the canonical projections τ By applying the tangent functor to these pairings, we obtain tangent pairings
We used the canonical identification of bundles
Let (x i ) be a local coordinate system in M . In bundles r TM, r T * M, T r TM and For each manifold M there is a canonical diffeomorphism (cf. [Tu1] )
which is an isomorphism of vector bundles τ M : TTM → TM and Tτ M : TTM → TM.
By α M we denote an isomorphisms 
In the following, by ε M we denote α −1
M . In the introduced above local coordinates in TTM , TT * M and the adopted from (x i ) coordinates (x i ,ẋ j , π k ,π l ) in T * TM, we have
and
Now, we generalize these morphisms to the multilinear case. Let We apply the tangent functor to this mapping and we get Since κ M extends to an isomorphism of vector bundles
we get also
It is easy to verify that this mapping is multilinear and skew-symmetric and, consequently, defines a morphism κ In local coordinates κ r M reads as follows: Since it is multilinear and skew-symmetric, it defines a mapping
and, as in the case of κ r M , we have
i. e., the diagram
is commutative. Let (x i ,ẋ j , π k1...kn ∧π ln+1...lr ) be the adopted coordinate system in r T * TM . We have
Here we identifiedπ l1...lm−1 ∧ π lm ∧π lm+1...lr and (−1) m−1 π lm ∧π l1...lm−1lm+1...lr . We have also a commutative diagram 
Functorial properties
It is known that κ M and α M are natural transformations of iterated functors TT, TT * and T * T, i. e., that for every morphism ϕ: M → N we have
(1.6) Note that T * ϕ is, in general, not a mapping but a relation only, with the domain T * ϕ(M ) N and codomain (ker Tϕ) o . Morphisms 
This completes the proof of the first identity. The proof of the second one is analogous.
We have also the dual identities:
Derivation d of differential forms and multivector fields.
In this section we refer to the theory of derivations of differential forms as presented in [PiTu] .
Definition. Let Φ = ∞ q=0 Φ q and Ψ = ∞ q=0 Ψ q be commutative graded algebras and let ρ: Φ → Ψ be a graded algebra homomorphism. A linear mapping a: Φ → Ψ is called a ρ-derivation of degree r if:
where q = degree µ.
Let M be a manifold and let τ : E → M be a vector fibration. By Φ(τ ) we denote the graded exterior algebra generated by sections of τ . For τ = π M we get the graded algebra of forms on the manifold M and for τ = τ M -the graded algebra of multivector fields on M .
Let be µ ∈ Φ r (π M ), i. e., µ is an r-form on M . The vertical lift of µ is an r-form , v (µ) is the pull-back of µ with respect to the projection τ M . Since the pull-back commutes with the wedge product, the mapping
is a homomorphism of graded commutative algebras.
A second order vector field Γ on M is a vector field on TM such that
The contraction of the vertical lift of a form µ ∈ Φ r (π M ), r > 0, with Γ does not depend on the choice of the second order field Γ. We define
Since £ Γ is a derivation in Φ(π M ) and v is a homomorphism of graded algebras, it follows that d is a v -derivation of degree 0.
If, in local coordinates,
for r > 0 and
The operation i , which is, in fact, a v -derivation of degree −1, can be defined in a more intrinsic way. An r-form µ, r > 0, defines a vector bundle morphism
and the following formula holds: 
Now, we define κ r M and ε r M for r = 0. We have
The dual mapping κ
Theorem 2.1. Let be µ ∈ Φ r (π M ) and 0 i r. The following diagram is commutative
In order to do this, we apply the tangent functor to the commutative diagram
and, since the diagram (1.5) is commutative, we get the following commutative diagram
Here we regard 0-forms as functions rather than sections of 0 T-bundles. It shows that for u ∈ i TTM and v ∈ r−i TTM we have
and, consequently,
It follows that D(µ) exists and
The right hand side in this formula corresponds precisely the right hand side in (2.1). It
and this completes the proof.
Derivations of multivector fields and the Schouten bracket.
A similar construction can be done in the case of multivector fields. Let be X ∈ Φ r (τ M ). As in the case of forms, we have a family of contraction mappings
for i = 0, 1, . . . , r, i. e., the following diagram is commutative
The proof goes on like the proof of Theorem 2.1. In particular, we get
Now, writing in local coordinates
Now, let X be a simple r-vector field, i. e., X = X 1 ∧ · · · ∧ X r for some vector fields
• ε M are linear functions on T * TM and define vector fields on TM . In local coordinates we have for
is linear and can be extended in a unique way to a homomorphism v of graded algebras
The vertical lift Y v is the generator of a one-parameter group (ψ t ) of diffeomorphisms (a flow) of TM defined by
In a similar way we get
, where
is the complete lift of Y . The vector field Y c is the generator of the (local) one-parameter group of diffeomorphisms Tϕ t : TM → TM , where (ϕ t ) is the flow generated by the vector field Y .
Thus we have proved the following theorem.
Theorem 2.3. The mapping
The following is a well-known theorem.
Theorem 2.4. The Lie bracket of vertical and complete lifts satisfy the following commutation relations
The Lie bracket of vector fields can be extended to a graded Lie bracket on the graded space Φ(τ M ) of multivector fields -the Schouten bracket [·, ·] . In this graded Lie algebra the space
, ad X is a graded derivation of degree (r−1) of the graded commutative algebra Φ(τ M ). The mapping
is a homomorphism of graded algebras. For simple multivectors we have the following formula (cf. [Mi] ):
(2.8)
Theorem 2.5. The derivation d commutes with the Schouten bracket, i. e.,
Proof. 
On the other hand,
and the required equality follows.
The rules of contractions for lifts of forms and vector fields we list in the following Proposition.
These formulas can be easily generalized for
3. Lie derivations of forms and multivector fields. The derivation d is strictly related to the Lie derivation in the algebra of differential forms.
Proposition 3.1. [PiTu] Let X: M → TM be a vector field on M . Then we have
is also a derivation. It follows that it is enough to verify the formula for functions and their differentials. We have for a function f on M
To get an analogue to this proposition in the case of vector fields, we need an analogue of the pull-back of forms with respect to a vector field. Let X be a vector field on M . We have the decomposition of T X(M ) TM into horizontal (tangent to X(M ) ) and vertical parts
( 3.3)
The canonical projection
The mapping Y → X * Y has the unique extension to a morphism of graded algebras
we have the following formulae:
is also a derivation. It follows that it is enough to verify the formula for functions and vector fields. We have for a function f on M and a vector field Y on M
The second identity follows directly from the definition.
The projection Tτ M induces an isomorphism Tτ M : V X TM → TM and the dual isomor-
is, on X(M ), the decomposition related to the decomposition
It is convenient to introduce an operation
which is a v -derivation of degree 0. It follows directly from (3.7) that for Y ∈ Φ r (τ M ) and
regarded as a homomorhism of graded algebras
where
is dual to X * :
For 1-forms we shall write X * µ instead of X + µ. 
Symplectic and Poisson structures.
By the standard definition a symplectic structure on M is a nondegenerate, closed twoform ω on M . The canonical example is the 2-form Ω M on T * M . On the other hand, any 2-form µ on M can be represented by
The standard definition is expressed, in fact, in terms of µ 0 . We can also formulate a definition of a symplectic structure in terms of µ 2 making use of the well known formula for the exterior derivative: Proposition 4.1. A linear fibre bundle morphism ν:
2 TM → 0 T * M represents a symplectic structure on M if it is nondegenerated (in the obvious meaning) and
Now, we provide a definition of a (pre-)symplectic structure in terms of µ 1 . First, we need a condition for a 2-form µ to be closed in terms of µ 1 .
Theorem 4.2.
A 2-form µ on M is closed if and only if
Since i dµ = 0 iff dµ = 0 we get that dµ = 0 if and only if
A condition for a vector bundle morphism ν: TM → T * M to define a symplectic structure on M is given by the following theorem. 
(4.1)
Proof. Commutativity of the diagram 4.1 is equivalent to the equality
and to the dual (with respect to proper pairings) equality It follows from Theorem 4.2 that µ is closed.
As in the case of symplectic structures, a Poisson structure on M can be represented by one of three equivalent objects:
(1) a bivector field Λ, (2) a homomorphism Λ 1 of vector bundles, (3) a bilinear, skew-symmetric function Λ 2 .
The condition for Λ to be a Poisson structure is vanishing of the Schouten bracket:
A skew-symmetric function λ:
defines a Poisson structure if the Jacobi identity is fulfilled:
where f, g, h ∈ Φ 0 (π M ). In order to get a definition of a Poisson structure in terms of a vector bundle morphism ν: T * M → TM , we need the following theorem. 
The canonical 2-vector field Λ M on T * M is given by
Moreover,
It follows from 4.5 and 4.6 that ( Λ 1 ) * Λ M ⊂ d Λ if and only if
but this is equivalent to 4.4. Now, we are ready for a proof of an analogue of Theorem 4.3. 
Proof. Commutativity of the diagram is equivalent to
and to the dual equality
we get Tλ * = −Tλ and, consequently, λ * = −λ. It follows that there exists a bivector field Λ on M such that λ = Λ 1 . From Theorem 4.4 we have that Λ is a Poisson structure if and only if the diagram 4.7 is commutative.
In the diagrams, T * λ is a relation (not a mapping) and diagrams are in the category of relations.
In order to illustrate the condition 4.7 let us consider the case of a linear Poisson structure. Let M = V be a vector space. We have obvious identifications:
With these identifications the canonical morphisms ε M , κ M , Λ M 1 look like follows:
A linear Poisson structure Λ is given by a mapping
where λ: V × V * → V is bilinear. We have for such Λ:
where * λ and λ * are conjugate to λ with respect to the left and to the right argument respectively. The condition 4.7 reads as follows:
The mapping Λ 1 defines a Poisson structure if and only if the following conditions are satisfied for each v, a, b:
(
is a Lie bracket. We call d Λ the tangent Poisson structure. Let be, in local coordinates,
The Poisson structure Λ defines a Poisson bracket {f, g} Λ = Λ(df ∧ dg) which provides the algebra Φ 0 (τ M ) of smooth functions with a structure of Lie algebra. The tangent Poisson structure defines a Poisson bracket {, } d ¡ Λ on TM which is characterized by the following relations:
For a 1-form µ ∈ Φ 1 (π M ) we put Λ µ = i µ Λ. For a function f the vector field Λ df is the hamiltonian vector field generated by f .
Theorem 5.1. The tangent Poisson structure d Λ is linear with respect to the vector bundle structure in τ M : TM → M . Moreover, for µ, ϑ ∈ Φ 1 (π) we have the following formula:
Proof. It enough to proof the formula 5.3. We have
Since the 1-forms i dµ and i dϑ are vertical, we have
where Γ is a second order vector field (see Section 2). Similarly,
and the theorem follows.
Since d Λ is a linear Poisson structure, it defines an algebroid structure in the dual vector bundle T * M . The theorem provides an explicit formula for the Lie bracket in Φ 1 (π M ):
This is exactly the well-known extension of a Poisson bracket to 1-forms.
Canonical vector fields.
It is well known [Tu2] that for a symplectic manifold (M, ω) the tangent structure (T, d ω) is also a symplectic manifold. We use Proposition 3.1 to get a simple proof that canonical vector fields on a symplectic manifold are Lagrangian submanifolds with respect to the tangent symplectic structure.
Proposition 6.1. Let X: M → TM be a vector field on a symplectic manifold (M, ω).
The vector field X is canonical, i. e., £ X ω = 0 if and only if X(M ) is a Lagrangian submanifold of (TM, d ω).
Proof. From the Proposition 3.1, £ X ω = X * d ω. Hence £ X ω = 0 if and only if X * d ω = 0, but the last means that X(M ) is isotropic in (TM, d ω) and, consequently, Lagrangian (the dimension of X(M ) is equal to the dimension of M ).
We have an analogue of this theorem for Poisson manifolds. To formulate it we need the definition of a Lagrangian submanifold of a Poisson manifold.
Theorem 6.2. Let X: M → TM be a vector field on a Poisson manifold (M, Λ). X is canonical, i. e., £ X Λ = 0 if and only if X(M ) is a Lagrangian submanifold of (TM, d Λ).
Proof. From Proposition 3.3, £ X Λ = 0 if and only if, for
On the other hand, X(M ) is Lagrangian if for each v ∈ X(M )
Since w ∈ T v X(M ) is characterized by X * df (w) = 0, the inclusion ⊂ is equivalent to
Thus, if X(M ) is Lagrangian then X is canonical. In order to prove that for a canonical X the submanifold X(M ) is Lagrangian, it is enough to show that the inclusion ⊃ holds. 
) is tangent to X(M ). Since (6.3 and 6.4)
7. Tangent Poisson-Lie structures. Let M, N be differentiable manifolds. Since there is a canonical identification 
We say in this case that Λ is multiplicative.
Applying the tangent functor to 7.1, we get
It is well known that (TG, Tm) is a Lie group. Proof. We have to show that d Λ is multiplicative with respect to Tm, i. e., that
Since, due to (2.6), d Λ = κ G • T Λ • ε G , it follows from functorial properties of κ and ε that
and by (7.2) the required identity follows.
Let g be the Lie algebra of the Lie group G. The tangent bundle TG can be trivialized by right or left translations:
is the right-invariant (left-invariant) Maurer-Cartan form. The group structure in TG is given by the formula
in the right trivialization and
in the left trivialization. The neutral element e T is represented by (0, e) in the right trivialization and by (e, 0) in the left trivialization.
The Lie algebra Tg of TG is isomorphic as a linear space to g × g. This isomorphism is implemented by the zero section j G : G → TG and the obvious embedding j g : g → T e G ⊂ TG and is given by the following formula
( 7.3)
From now on we shall denote T e j G (X) byẊ and T 0 j g (Y ) by Y . We have the following commutation rules:
It follows that the Lie algebra Tg is a semidirect product g g with respect to the adjoint representation in g of the Lie algebra g, i. e.,
Theorem 7.2. Let be X ∈ g and let X l G be the corresponding left invariant vector field on G.
i. e., the corresponding to X andẊ left invariant vector fields on TG are the vertical and complete lifts of X l G respectively. An analogous statement is true for right invariant vector fields.
Proof. The group multiplication Tm in TG is the tangent lift of the group multiplication m in G. It follows that
where L g and R h are left and right translations by g and h respectively. The left translation L ug by u g in TG is therefore given by
It is easy to verify that (
. Since the mapping (7.3) is a linear isomorphism, it is enough to show that vector fields (X The flow ψ t of the vertical lift is given by
we have then
We made use of the left-invariance of X l G .
The flow of the complete lift (X l G ) c is the tangent lift of the flow ϕ t of X l G . We have
and, since ϕ t is the flow of a left-invariant vector field, i. e.,
we get
8. Tangent Poisson-Lie algebras of Poisson-Lie groups. The Lie algebra of a Poisson-Lie group inherits a Poisson structure. We recall here a standard construction. More natural and more geometric one will be given in Section 10 (Proposition 10.4). Let (G, m, Λ) be a Poisson-Lie group. A Poisson structure Λ on a Lie group can be regarded, using the right trivialization of TG, as a mappingΛ: G → g ∧ g. The Poisson structure Λ is multiplicative if and only ifΛ is a 1-cocycle of G with respect to the adjoint representation of G in g ∧ g. In particular, we haveΛ(e) = 0. The tangent mapping
being a 1-cocycle of g, defines a cobracket (Poisson bracket on g). The pair (g, λ) is called the tangent Poisson-Lie algebra of the Poisson-Lie group (G, m, Λ).
Let (X 1 , . . . , X n ) be a basis of the Lie algebra g. We can write
where λ ij are smooth functions on G and X r i are the corresponding right invariant vector fields. We have thenΛ
where c ij k are structure constants of the Lie algebra g. The cobracket λ: g → g ∧ g may be regarded as a bivector field on g which defines a linear Poisson structure on g.
Definition.
A Poisson-Lie algebra (g, δ) is a Lie algebra g and a 1-cocycle (cobracket) δ: g → g ∧ g (with respect to the adjoint representation of g in g ∧ g) such that it defines a Poisson structure on g or, equivalently, that the dual mapping δ * : g * ∧ g * is a Lie bracket on g * . is the Lie bracket on the tangent Lie algebra of (g * , λ * ).
Proof. For any X ∈ Φ r (τ M ) and for any smooth function f ∈ Φ 0 (π M ) we have
The cobracket δ on the Lie algebra of TG is given by the formulae
is zero on the zero section). It follows that δ = d λ.
Let (G, m, Λ) be a Poisson-Lie group and let (g, [, ] , p) be its Lie bialgebra. Let us suppose that p is a coboundary (e. g. G is semisimple), i. e., that
It is known [Dr] that in this case the Poisson structure Λ on G can be written in the form
where r l and r r are the left-and right-invariant 2-vector fields corresponding to r. Since Λ is a Poisson structure, r must satisfy the generalized classical Yang-Baxter equation ad X [r, r] = 0 for every X ∈ g. The bracket [r, r] is the algebraic Schouten bracket. An element of g ∧ g which satisfies this equation is called a generalized r-matrix and the corresponding Poisson structure Λ is called quasitriangular. Theorem 8.2. Let Λ = r l − r r be a quasitriangular Poisson-Lie structure on a Lie group G with the r-matrix r = r ij X i ∧ X j , r ij = −r ji . Then d Λ is a quasitriangular Poisson-Lie structure on TG with the r-matrix d r = 2r
and it is easy to check that d r is really an r-matrix.
9. Tangent lifts of generalized foliations.
Definition. A generalized distribution on a manifold M is a subset S ⊂ TM such that S(x) = S ∩ T x M is a linear subspace for each point x ∈ M . S is said to be smooth if it is generated by the family
of smooth vector fields, i. e., S(x) is spanned by {X(x): X ∈ X (S)}. A smooth distribution is completely integrable if for every point x ∈ M there exists an integral submanifold of S, everywhere of maximal dimension, which contains x.
The maximal integral submanifolds of a completely integrable distribution S form a partition of M , called the generalized foliation of M defined by S.
Let us notice that for a completely integrable distribution S the family X (S) is a Lie subalgebra of the Lie algebra of vector fields on M . The following theorem is due to H. Sussmann [Sus] .
Theorem. (Sussmann) Let S be a smooth distribution on M and let D ⊂ X (S) be a family of vector fields such that D spans S. The following properties are equivalent
(1) S is completely integrable, (2) S is invariant with respect to flows exp(tX) of vector fields X ∈ D, (3) flows of vector fields from X (S) preserve S.
Theorem 9.1. Let S be a completely integrable generalized distribution. Then the distribution S generated by the family {X v , X c : X ∈ X (S)} of vector fields on TM is completely integrable
it follows that S is invariant with respect to flows of X c and X v . ¿From the theorem of Sussmann, S is integrable.
Definition. The tangent foliation F of a generalized foliation F defined by S is the foliation defined by S . Proposition 9.2. If a 1-form µ annihilates a completely integrable distribution S then v (µ) and d (µ) annihilate S .
Proof. Let X ∈ X (S). We have from Proposition 2.6 that
It is enough to prove Proposition in the case of N being a single leaf. Let F be a leaf of F . Since Tτ M (X v ) = 0 and Tτ M (X c ) = X for any vector field X on M , the tangent projection τ M (F ) of F is contained in a leaf of F. It follows that T N M is F -foliated.
Proposition 9.4. If F is a leaf of F then TF is a leaf of F .
Proof. It is obvious that TF ⊂ S where S is the generalized distribution related to F. We have to show that TF is maximal. Since F is maximal, T x F = S(x) and S(F ) is spanned by vector fields tangent to F . On the other hand it is easy to see that if X is a vector field on M , tangent to F on F , then d X and v X are tangent to TF on TF . Since S is generated by the family {X v , X c : X ∈ X (S)}, S (TF ) = TTF , i. e., TF is an integral submanifold of S which is clearly maximal.
Symplectic foliations of Poisson manifolds.
Let (M, Λ) be a Poisson manifold. The characteristic distribution S of Λ is generated by hamiltonian vector fields. It is well known that S is completely integrable and that Λ defines symplectic structures on leaves of S.
Proposition 10.1. S is the characteristic distribution of d Λ.
Proof. Since the vertical and tangent lifts of 1-forms on M generate the module of 1-forms on TM it is enough to notice that (2.9)
and that, consequently, the characteristic distribution of d Λ is generated by the complete and vertical lifts of hamiltonian vector fields on (M, Λ), i. e., of vector field from X (S).
The following theorem by Weinstein [We] describes the local structure of a Poisson manifold.
Theorem. (Weinstein) Let (M, Λ) be a Poisson manifold of rank 2k at x 0 ∈ M . Then there is an open neighbourhood U of x 0 such that (U, λ| U ) is isomorphic to a product (N × V, Λ N × Λ V ) of Poisson manifolds where (N, Λ N ) is a symplectic manifold of dimension 2k and the rank of (V, Λ V ) is zero at z 0 , x 0 = (y 0 , z 0 ).
The theorem of Weinstein shows that while analyzing only local properties of Poisson manifolds it is enough to consider two cases:
(1) Λ is regular, (2) Λ vanishes at a point.
Theorem 10.2. Let (M, Λ) be a Poisson manifold.
(1) If Λ is a regular Poisson structure of rank 2k then d Λ is regular of rank 4k.
(2) If Λ is of rank 0 at x 0 ∈ M then T x0 M is a Poisson submanifold of (TM, d Λ) and d Λ defines on T x0 M a linear Poisson structure (Kostant-Kirillov-Souriau structure). It induces then a Lie algebra structure on T * x0 . Proof.
(1) It follows from the theorem of Weinstein that we can choose local coordinates on M such that
where Λ ij are constant. Hence, in the adopted coordinate system, The following two propositions complete our discussion on the structure of the tangent Poisson manifold. and Λ ij = λ ij + α ij .
The induced cobracket λ is given by
On the other hand, 11. Examples.
Example 1
On su(2) * R 3 consider the linear Poisson structure
The symplectic foliation of R 3 is the union of 2-dimensional spheres x 2 + y 2 + z 2 = r > 0 and the origin (0, 0, 0) as a 0-dimensional leaf. It is regular outside the origin and is defined by the Casimir f (x, y, z) = x 2 + y 2 + z 2 . The tangent Poisson structure is given by the formula
The symplectic foliation of TR 3 is regular outside T 0 R 3 and it is determined by two Casimirs f 0 (x, y, z,ẋ,ẏ,ż) = x 2 + y 2 + z 2 , f 1 (x, y, z,ẋ,ẏ,ż) = xẋ + yẏ + zż.
The tangent space T 0 R 3 R 3 has a linear Poisson structurė
which is equal to Λ.
It follows that the cobracket λ of the tangent bialgebra of the Poisson-Lie group SU (2) is given by
and the associated Lie bracket on su(2) * is given by {ẋ 4 ,ẋ 2 } =ẋ 4 , {ẋ 3 ,ẋ 2 } =ẋ 3 , {ẋ 4 ,ẋ 3 } = 0.
We recognize this structure as the structure of the Lie algebra sb(2, C) of 2 × 2 traceless, upper triangular complex matrices with real diagonal elements.
The introduced Poisson-Lie structure on SU (2) defines then the group SB(2, C) as the dual group. It is not difficult to verify that the corresponding double group can be identified with SL(2, C) with SU (2) and SB(2, C) canonically embedded as subgroups.
12. Conclusions. In this paper we tried to show the importance of the concept of tangent structures. The next step should be the analysis of multitangent constructions, important for classical field theory (multiphase approach) and classical mechanics, of extended objects. As we have seen, the conditions discussed in Section 4 are, in fact, compatibility conditions of tangent and canonical structures. This idea can be applied in more general situations like in nonrelativistic, time dependent mechanics, where the structure needed is more general than Poisson or symplectic one ( [Ur] ).
